Lorentz violation in the linearized gravity 



A. F. Ferrari/ M. Gomes/ J. R. Nascimento/' ^ E. Passes/ A. Yu. Petrov/ and A. J. da Silva^ 

^Instituto de Fisica, Universidade de Sao Paulo 
Caixa Postal 66318, 05315-970, Sdo Paulo, SP, BraziQ 
^ Departamento de Fisica, Universidade Federal da Paraiba 
Caixa Postal 5008, 58051-970, Jodo Pessoa, Paraiba, Braz^ 

We study some physical consequences of tlie introduction of a Lorentz- violating modifica- 
tion term in the linearized gravity, which leads to modified dispersion relations for gravita- 
tional waves in the vacuum. We discuss two possible mechanisms for the induction of such 
' a term in the Lagrangian. First, it is generated at the quantum level by a Lorentz-breaking 

o ' 

^jQ, ticular modification of the Poisson algebra of the canonical variables, in the spirit of the 
^ ■ 

• so-called "noncommutative fields approach" . 

o 

, The idea that the quantization of gravity must somehow imply in the noncommutativity of 

' spacetime at the Planck scale has a long history , and one of the most discussed issues 

. concerns the fate of Lorentz symmetry in such a scenario. The first proposals :'or noncommutative 

an attitude still 



(N 
O 

o 



a. 



spacetimes were carefully built to be compatible with Lorentz invariance 
coherent with the very stringent bounds on Lorentz violation derived from the experiments 
Even so, a great amount of work have been done exploring the possibility of very small departures 
of Lorentz invariance as a source of observable signals of new physics. One of the most interesting 
D possibilities is the modification of the dispersion relations governing the propagation of particles 

in the vacuum, which could generate outstanding effects in the spectrum of high energy cosmic 
^ i rays [5l], among other consequences [6(. 

' The Lorentz violating standard model studied in P] lists all types of interaction that, despite 

breaking the invariance of the theory under (particle) boosts/rotations, still preserve the gauge 
symmetry and the renormalizability of the standard model, thus furnishing a general background 
for the investigations about Lorentz violation. As for gravity theories, the incorporation of Lorentz 
violation is more delicate, specially when the violation is not spontaneous Q, 9|. It is interesting 
to look for alternative ways to introduce Lorentz violation in gravity, in such a way that simple 
physical effects can be drawn and discussed. This is the main objective of the present work. For 
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the sake of simplicity, we consider the hnearized gravity theory modified by one Lorentz violating 
term in the Lagrangian and consider the consequences of this modification. After that, we will 
discuss two distinct mechanisms for the generation of such a deformation, first as a quantum effect 
due to the coupling of gravity with a fermion in a Lorentz violating way, in the spirit of [Ifl] , second 



as a consequence of a deformation of the canonical algebra 



in the so-called "noncommutative 



fields approach". We will discuss the interesting features and the open issues in each mechanism. 



The starting point of our study is the Einstein-Hi 
also known as the Fierz-Pauli action (see f.e. [12 



bert action in the weak field approximation, 

3), 



Here the is a second rank symmetric tensor characterizing (weak) metric fluctuations {h^u = 
9fA.u — Vi-iu^ where g^i, is the metric tensor of the curved space, rj^i, = diag{ — h -|--|-) is the metric 
tensor of the flat space and h = r]^^^h^y is the trace of h^y). This theory is invariant under the 
gauge transformations 

&Ku = \{^l^iu + ^^^^^^ (2) 

which are the linearized form of the diffeomorphism transformations, being the infinitesimal 
changes of the coordinates. The equations of motion look like 

- ^(5^9^/iA. + d'-d.hx^,) + ^Tj^udxdph^p + ^d^d.h + V - v^.ulah = . (3) 

The vanishing of the divergence of the left-hand-side of this equation is the linearized Bianchi 
identity. 

We propose to modify Eq ([T]) by introducing an additional term AL in the Lagrangian, 

^mod = Sfp + J d^xAL, (4) 

where 

AL = -le'^'^'^XK^dxh';, . (5) 

Here, 9^ = (0,0*), i = 1,2,3, is a parameter for the Lorentz violation introduced in the theory, 
whose origin will depend on the mechanism inducing such a term in the action, as we will discuss 
later. For now, we have just to keep in mind that, despite written in a formally covariant way, AL 
is not a scalar, since 6^ is not a vector, but only a way to label a collection of three deformation 
parameters 0*. Also, the numerical coefficient in front of AL has been chosen for convenience. This 



particular form assumed by AL reproduces one of Lorentz- violating terms presented in [8] , and the 
main motivations for its introduction are the physical consequences that will be drawn from it. 
The gauge transformations in Eq. ([2]) imply in the following variation of AL, 

6AL = 2e^^'''^9pC,dxd^h';, , (6) 

which does not vanish in general, so that the action Smod is not gauge invariant. One possibility 



to remedy this problem is to implement a kind of Stueckelberg procedure (see [15( for a review, 
or [3] for an application of this idea to the linearized massive gravity). We substitute h^u — > 
h^u + df^Ajy + d^A^ in the gauge non-invariant term AL, thus obtaining, 

Smod = Sfp + J d^x {AL + ALa) , (7) 

where 

ALa = 2e^^^'' 0^ {dxA.UAp + 2K^dxd'' Ap) . (8) 

Then, one can check that the action 5mod is invariant under the gauge transformations Eq. ([2]) 
together with 

5Ap = -ip . (9) 

The most interesting aspect of the addition of the modification term in Eq. ([5]) is its consequences 
for the propagation of gravitational waves. To investigate this matter, we follow and split the 
components of the metric fluctuation as follows, 

/loo = n, hoi = ni + diUL, 

5ij - -^j + -^x + {diXj + dfXi) + hij , (10) 

where the tilde denotes transversality, that is, f?jn* = 5jA* = diW^ = 0. Besides that, the hij is also 
traceless. Under a gauge transformation ([2]), these components transform as 

5n = iQ ; 5nL = \{^o + ^^di^ 5 ^^^^ \ {^^^ ~ ^^^^•?) 
Sx = diii ; 5<j) = Q ; 5\i = ]^(^ij - ^dtd^ ij ; 5hij = Q. (11) 

Using the decomposition (fTUl) in Eq. ([7]), we can derive the equations of motion for hij, 

+ 2 OikdkXj + Bikhkj - Oikdkfij + {i ^ i) =0. (12) 



Here, we define an antisymmetric symbol 9ij by means of 

9ij = —eoijkO^ . (13) 

It is interesting to realize that ALyi do not contribute to the equations of motion of the transversal 
part of h^y. Even if AL^ is essential to guarantee the gauge invariance of the total action, it follows 
directly from Eq. (jlip that Eq. ()12p is gauge invariant, despite containing no contribution from the 
A field. We can further simplify Eq. (|12p by assuming a solution where hij is the only non-vanishing 
field. One has to check whether this ansatz is consistent with the equations of motion of A and n, 

G-^^ [n, n, riL, (/>, X, A] + Aeikdkhij = , 

Gn^ [n, n, riL, (p, X, M - '^Oikdkhij = , (14) 

which also involve hij. Here, G means some homogeneous function of all components of h^j^ except 
hij. We can safely set all other fields to zero if hij satisfies 

Oikdkhij = 0. (15) 

We satisfy this condition by choosing 9^ = (0,0,^/4), such that the only nonvanishing 9ij are 
9i2 = —021 = —9/4:, and considering a wave propagating in the X3 direction. In this case, Eq. I\12\) 
can be solved by the ansatz hij = HijC^'^'^^'^ , q = {E,p), and we end up with only two independent 
equations, 

□Z + 2i9Z = ; \JZ - 2i92 = , (16) 

where Z = Hn — iHi2, Z = Hn + iHi2. The corresponding dispersion relations are given respec- 
tively by 



E = -9± vr + ^, 



E = 0±vV + ^, (17) 

with p = Ip]. Thus we found that the dispersion relations are modified. One could say that 
the propagation of gravitational waves in the deformed theory displays a kind of birefringence 
phenomenon. For this configuration, there are two types of excitations with the velocities of 
propagation different from each other and from the speed of light, similarly to the propagation 
of electromagnetic waves in the noncommutative space jisl . It must be stressed that these two 
different polarizations (and velocities) correspond to two "circular" polarizations with respect to 



0*. The group velocity c = dE/dp = p/\/p'^ + 9'^ is always less than the speed of light. On the 



other hand, the phase velocity c = E/p can be superluminal for one of the polarizations. Some 
consequences of this modified dispersion relation for cosmology have been studied in [l^ . 

At this point, we comment on some general properties of the deformed gravity theory ([7]). 
First of all, we note that the symmetry of positive- and negative-energy solutions in Eq. ((T7| 
indicates that C-symmetry is preserved. The whole action can be checked to be CPT invariant [a, 
[20I . Concerning conservation laws, since there exists a preferable direction in the space-time, the 
angular momentum is no longer conserved. However, the energy-momentum tensor in the weak 
field approximation is still conserved since the background (Minkowsky) space-time is homogeneous 
(note that when the metric fluctuations are not small, the energy-momentum tensor is in general 
not conserved j^]). Following the Noether theorem, we can write the energy-momentum tensor as 



+ dyh'^^dah^ - dahd^h"'' - 

- 26%,xpO''hP'^d'^K + 2e''^'P^e^daK),h';, (18) 

where a, h are indices in the local Lorentz frame. From Eq. ^ follows that dbT^ = 0, that 
is, the energy-momentum tensor is modified by ^-dependent terms although it remains conserved. 
Moreover, it is easy to check that / r*°, which is a natural consequence of the Lorentz breaking 
in the theory pj]. As for the Bianchi identities, they are not satisfied in general, and this problem 
can be traced back to the general incompatibility between explicit Lorentz violation and Riemann- 
Cartan geometry, as discussed in In this sense, a model with explicit Lorentz violation in 
gravity should be understood as a test model, where one can search for interesting phenomena 



arising in a simpler setting, whi^ 
lead to more complete theories 



e models with spontaneous breaking of the Lorentz symmetry will 
9|. 

Up to now, we have been discussing the consequences of the addition of the modification term 
in the linearized gravity action ([T]); from now on, we start looking for mechanisms to generate this 
term. The first idea is to couple the gravitational field to a fermion field by means of a Lorentz 
violating interaction (which should be one of the possible interactions described in [7]). A similar 
approach was used in [l^ to generate a Chern-Simons term in the four dimensional linearized 
gravity. In our case, we consider the linearized gravity coupled to a Dirac field as follows 

s[h, i^,^\ = j (fx Q^^r'^ + Vr'^'V' - V^^/.t'^tsV' + m^j^^ + s^v , (i9) 

with V = -i'' - ^h'^^-fi^ and = ^ht'Yl^ - M^phap)^'^''^''^'" ■ The 6^ is a constant vector 
responsible for the Lorentz violation. 



We first notice that the terms proportional to T^*^ in Eq. (jl9p will not contribute to AL. The 
two-point vertex function of the graviton field receives contributions from the graphs in Fig. [1] (we 
use the Feynman rules that were explicitly indicated in [10]). The sum of these contributions, 
expanded up to the leading order in derivatives of the metric fluctuations, generates the following 
one-loop correction to the two-point vertex function of /i^jy. 



Ar(2) 



-le 



Xupa 



hp{k' + 2>m')-Akp{b-k) 



(20) 



(27r)4 (A;2 - m?f 

After the integration has been carried out with the use of the dimensional regularization, with 
e = 4 — d, we obtain 

Ar(2) 



1287r2 



1 + e^'^'PhphpM'i . 



(21) 



Although AF^^) correctly reproduces the structure of Eq. ([5]), its divergence forces us to include this 
term in the tree approximation with a coefficient adjusted to eliminate this divergence. From this 
viewpoint, this mechanism is not completely satisfactory to generate the AL term. In conclusion, 
the modification term can be generated in the gravity action by means of a Lorentz violating 
coupling with a fermion, but one has to deal with ultraviolet divergences. 

There is another possibility for the generation of a modified gravity theory similar to Eq. ([3]), 
based on the deformation of the Poisson algebra of the canonical variables of the theory, with a con- 
sequent appearance of new terms in the classical action. The deformation used by us is inspired in 
the one presented in pj| , where such a procedure was developed in the context of noncommutative 
fields theories {2I] and later on was applied to electrodynamics and Yang- Mills theories 27, 28|. As 
a result of the application of the noncommutative fields approach, the Hamiltonian of the theory 
and, as a consequence, the Lagrangian, is modified by new Lorentz-breaking terms. We will show 
that a term like the one in Eq. ([5]) will be produced in the (linearized) Einstein gravity as a conse- 
quence of the deformation of the canonical algebra. We remark that the possibility of generation of 



Lorentz-breaking terms for the gravity by perturbative corrections was shown in 



17|] (see also Q). 



We start by reviewing the canonical quantization of the undeformed linearized gravity ([T]) (the 



non-linearized case was studied in 



29| (see also [30|); here we follow [14] for the linearized case.). 



The first step is to construct the classical Hamiltonian. First, the indices of the Lagrangian are split 
into time and space ones. After some rearrangements, the Lagrangian corresponding to Eq. ([T]) 



takes the form 



1 

^•-"■vj 2 ' 4 

1-1 1 

-hijhij + -dihojdihoj - - 

-dihkkdjhij + - 
hikdihok — -^dihoidjhQj + -dihjkdjhik ■ (22) 



Lpp = — -hiihjj — -dkhiidkhoo + -^dihjjdihkk + 

X ■ 1 1 

+ -hijhij + -dihojdihoj — -dihjkdihjk + 

+ hiidjhoj — -dihkkdjhij + -dihoodjhij — 



Here the Latm indices stand for the pure space coordinates and / = dof. We see that the 
Lagrangian does not dej 
the primary constraints, 



Lagrangian does not depend on the velocities /iqo and fiQi, so that p^^ = = 0. These are 



c^«=Pom^O, (23) 

which evidently commute with each other. The other momenta are given by 

Vij = TT~ = -\hkk5ij + \hij + dkhokdij - -^(Sj/ioi + djhoi) . (24) 
ohij II I 

Under the gauge transformations (l2|), they are transformed as 

^Vij = \{^i3Qkdk-didj)iQ. (25) 



The velocities are expressed from Eq. (I24p as 

hij = 2pij - PkkSij + (dihoj + djhoi) , (26) 
and the canonical Hamiltonian density is given by 

H = p'^'KAp) - L 

= PijPij - -jP^^P^^ + -^{dihkkdjhij — dihjkdjhik) + -^{dihjkdihjk — dihjjdihkk) — 

- ^hoo{didihkk - didjhij) - 2hojdiPij . (27) 

Conservation of the primary constraints in Eq. (j23p requires {^^^\h} ~ 0, where {•, •} are the 
Poisson brackets, thus leading to the secondary constraints 

Rj = = dip,, ~ 0; Rq = = didihkk - d^djhi, ~ 0. (28) 

The hoQjhoi are the Lagrange multipliers fields associated to these constraints. We note that the 
condition of conservation of the secondary constraints imply in only one new, tertiary constraint, 

$(3) = {^^^\h} = didjpij ~ , (29) 



whereas {^\^\h} = 0. The constraint <I>^^) closes the Dirac algorithm since its Poisson bracket 
with the Hamiltonian is equal to zero (note that all the constraints in the theory are of first class). 

(2) 

We note, however, that this constraint is really a spacial derivative of the , so its adding to the 
Hamiltonian with an arbitrary scalar multiplier A implies only in the replacement hoj — > hoj + djX 
in Eq. (j27|) . In fact, only the Lagrange multipliers associated to are modified under such 
a replacement but not the constraints themselves. Therefore we will not consider the tertiary 



constraint henceforth (see 3ll|). 



(2) (2) 

The constraints = Rq and <I> ■ = i?j generate the gauge symmetry. For the quantization 
we must convert the metric hij and momenta pij into operators whose commutation relations will 
be obtained from the classical Poisson brackets algebra, 

{pij{x),pM{y)} = 0, 
{hij(x),hki(y)} = 0, 

{hij{x),pM{y)} = ^ {Sik6ji + 6jk6ii) 6{x-y) . (30) 

In this case the constraints Rk,Ro generate, in the purely spacial sector (which is the physical 
sector), the gauge transformations, 

6hij = {hij,A^} = ^{diS,j + djii) , 

^Pij = {Pij, = ^{^ijdkdk - didj)^o , (31) 

where 

= - y d^xRkix)Ckix) + \j d'xRoUx) (32) 
is the generator of gauge transformations. 



28( 1 , and consider the simplest deformation of the 



Now, we follow the method described in 
classical Poisson bracket algebra as follows, 

{Pij{x),pki{y)} = 0ijki5{x -y), 
{hij{x),hki{y)} = 0, 

{hij{x),pki{y)} = ^ {SikSji + 6jk5ii) 6{x-y), (33) 
where Oijki is a c-number symbol possessing the following symmetry: 6*1234 = ^2134 = ^1243 = 

—^3412- 



For compatibility with the algebra in Eq. ()33p . we modify the generators of the gauge transfor- 

(2) 

mations; instead of <I>^ = diPik, we choose 

Rk = diPik — Oklnmdlhnm ■ (34) 

The modified operator implementing the gauge transformations in Eq. ()31l) takes the form 

= ^ y (fx^{di^k{x) + dk^i{x)) Pik{x) + OrsikKsix) - ^o{x){Srsdidi - drds)hrs{x)^ . (35) 

The modification of Ag (or, equivalently, of Rk) by an additive term proportional to O^sik implies 
in the modification of the Hamiltonian density: 

-f^new = PijPij — -jPkkPu + -^{dih}^kd jhij — dihjkOjhik) + -^{dihjkdihjk — dihjjdihkk) — 

— ■^hoo{didihkk - didjhij) — 2hQj{diPij — Ojinmdihnm) , (36) 

which has been augmented by the term 

AH = 2hoj9jinmdlhnm- (37) 

The velocities can be easily written as 

hij = {hij,Hr,ew} = 2pij - pii5ij + {dihoj + djhoi) , (38) 



reproducing Eq. ()26p . from which the pij are expressed in terms of velocities just like in Eq. ([21 
The canonical conjugate momentum of hij (which should satisfy the commutation relation 
{TTijjVrfci} = 0) is Ttij = Pij + \9kiijhki =Pij- 
The modified Lagrangian, 

Linew — T^ijhij i^new ; (39) 

turns out to be 

— 26jinmdlhnm + -jhijOkhjhkU (40) 

differing from the initial Lagrangian by terms linear in 6. 

One can study now particular cases of the general deformation (j33p . The simplest case corre- 
sponds to 



%fcZ — (^ik^jl + (^a^jk + (^jl^ik + Gjk^il , 



(41) 



where 6ij is a constant antisymmetric matrix to be related with the 9i parameters in Eq. ([5]). In 
this case, the modified generators of gauge transformations take the form 

Rk = diPik - 2{9kndlhin + Oindihkn) , (42) 

while the deformed Lagrangian turns out to be 

— 4:hok{0kmdihim + Oimdihkm) + hij{9kihkj + Okjhki) , (43) 

We can rewrite Oij in terms of three parameters 0'^ by using Eq. thus obtaining L^cw in tbe 

following form, 



+ 2e'"'^^e^KM''^ + 2€ijk0kho^ hdihij + 29^7100 - s) , (44) 



where 0^^ = (0, ^*). We notice the appearance of the term AL, introduced in Eq. Q, which now is 
a consequence of a deformation of the canonical algebra of fields by a "noncommutativity" tensor 
9ij. One should keep in mind that the parameters 0* are not components of a vector, since Eq. p3|) 
is not covariant. 

Both AL and the last term in the action Eq. ()44|) . propor tional to /loi) are not gauge invariant. 
Contrarily to what happens in a spin-one gauge theory 27|,|28(], the noncommutative fields approach 
here conflicts with the gauge invariance. After the deformation of the algebra and the modification 
in the form of the constraints that generate the gauge transformations, we find that the modified 
constraints in Eq. (|42|) are not first class any longer. 

One may wonder whether a more complicated deformation could improve matters here, and 
indeed this is the case. Consider the Poisson bracket between the deformed constraints in Eq. (I34p . 



{Rk{x),Rk'{y)} = {diPik{x) - Oklnmdlhnm{x),di'Pi>k'{x) - Ok'l'n'm'dl'hn'm'iy)} 

= 0iki'k'didii5{x - y) . (45) 



Notice that, in the spin-one models 



271, 



28|, 



32], the deformation parameter carries only two 



indices and is antisymmetric, so that 9ikdidkS{x — y) =0. In our case, the algebra (|45|) is again 
first-class if 



&ijki — Gik^ji + 0ii6jk + OjiSik + Ojk^ii, 



(46) 



where 

h = % - (47) 

Since 5ijdj = 0, it follows that 0iki'k'didi'6{x — y) = and the deformation of the canonical 
algebra yields a first-class system. The corresponding modification AL induced in the Fierz-Pauli 
Lagrangian ([1]) takes the form 

5ij - j hki - 4:hojOin ( djm ^ j diKm- (48) 



The appearance of the transversal projector in AL is reminiscent of the work [33]. It is clear that 
this AL possesses restricted gauge invariance under the transformations ([2]) with longitudinal, 
that is, those gauge parameters satisfying {6jm — ^^T^)£,m = 0. From Eqs. (fTTj) . we obtain the 
restricted gauge transformation for the components of h^i, as, 

6n = ^o ; = ^ (^^0 + ^^i^i^ ; 6ni = 

5x = dii, ■ 5(P = ; 6~Xi = ; 5kj = . (49) 

The price is that the modified Lagrangian now contains non-local terms. However, it can be 
checked that the gauge symmetry (|i9|) allows us to go to the gauge dmhmn = 0, where this non-local 
terms vanish, and AL reduces to 

AL = 29kihijhkj - 'ihomOindihnm- (50) 

One still has the freedom to set /lom = by using the remaining gauge symmetry. This modification, 
yet not exactly equal to the one in Eq. ([7]) , clearly leads to the same dispersion relations we studied 
before for the transversal-traceless part of h^^. This is an example of a more subtle application of 
the noncommutative fields approach that solves, at least partially, the incompatibility with gauge 
symmetry for spin-two gauge theories we pointed out earlier. 

In this paper, we studied the introduction of a Lorentz violating term AL in the linearized 
gravity. Gauge symmetry is violated by such a term, but it can be restored using a Stueckelberg 
procedure, with the addition of a vector field A to the modified Fierz-Pauli action. As an interesting 
physical consequence of such a deformation, we studied the propagation of gravitational waves, and 
found a kind of "birefringence" phenomenon in the vacuum. Next, we looked for mechanisms that 
could generate such a term in the linearized gravity action. First, the Lorentz violating coupling 
with a Dirac fermion does generate a AL term in the quantum effective action, but one has to face 
ultraviolet divergences. We have also shown that a deformation of the canonical algebra of fields, in 



Ill ] does lead to the proposed term, together 



27 



the spirit of the "noncommutative fields approach" of 

with additional terms in the action. Differently to the case of spin-one gauge theories 
here the deformation do not preserve the gauge invariance. This problem was at least partially 
solved by a more complicated deformation leading to a theory with a restricted gauge symmetry. 
The dispersion relations obtained from such a deformation are the same as the one induced by the 
addition of AL to the original Lagrangian. 

As a final remark, we note that in the three-dimensional Einstein gravity, a term structurally 
similar to AL would not violate Lorentz symmetry, since instead of e^^^'^^p, the factor would 

arise, with 9 a scalar noncommutativity parameter. In three dimensions, AL is structurally similar 

i , 

to the usual Chern-Simons term [1^] (which has arisen using the noncommutative fields approach 



m 
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Figure 1 : One- loop contributions to the graviton two-point function. The cross in the fermion hues denotes 
a insertion. 



